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Dynamics of moments of arbitrary order for stochastic
Poisson squeezings
A.E. Teretenkov1
The explicit dynamics of the moments for the GKSL equation is obtained. In our case the GKSL equation
corresponds to Poisson stochastic processes which lead to unitary jumps. We consider squeeze operators as the
unitary jumps.
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1 Introduction
In this work we consider the equation for the density matrix
d
dt
ρt = L(ρt), L(ρ) =
K∑
k=1
λk(UkρU
†
k − ρ), λk > 0, (1)
where Uk are unitary operators with the generators which are quadratic in bosonic creation and
annihilation operators (squeeze operators). Such generators naturally arise in the case of averaging
with respect to classical Poisson processes. These processes have the intensities λk and lead to
unitary jumps Uk [1, 2]. In a finite dimensional Hilbert space the dilation of form (1) by the Poisson
process was discussed in [3]. Let us note that Poisson processes and the correspondent quantum
Markov equation arise in physical applications [4, 5, 6, 7]. Unitary evolution with the quadratic
generators mentioned above was discussed in [8, 9, 10, 11, 12, 13, 14]. Let us also note that the
generator L has Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) form [15, 16]
L(ρ) =
K∑
k=1
(
LkρtL
†
k −
1
2
L
†
kLkρ−
1
2
ρL
†
kLk
)
,
if one assumes Lk =
√
λkUk.
We need an additional bit of notation to formulate our result. Notation here is similar to
[17, 18, 19]. We consider the Hilbert space ⊗nj=1ℓ2. In such a space one could [21, Paragraph
1.1.2] define n pairs of creation and annihilation operators satisfying canonical commutation re-
lations (CCR): [aˆi, aˆ
†
j ] = δij , [aˆi, aˆj] = [aˆ
†
i , aˆ
†
j ] = 0. Let us define the 2n-dimensional vector
a = (aˆ1, · · · , aˆn, aˆ†1, · · · , aˆ†n)T . Linear and quadratic forms in such operators we denote by fTa and
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a
TKa, respectively. Here, f ∈ C2n and K ∈ C2n×2n. Define the 2n× 2n-dimensional matrices as
J =
(
0 −In
In 0
)
, E =
(
0 In
In 0
)
,
where In is the identity matrix from C
n×n. CCR in such a notation takes the form [fTa,aTg] =
−fTJg, ∀g, f ∈ C2n, we also write it in the shorter form [a,aT ] = −J . We also define the ∼-conju-
gation of vectors and matrices by the formulae
g˜ = Eg, g ∈ C2n, K˜ = EKE, K ∈ C2n×2n,
where the overline is an (elementwise) complex conjugation.
Theorem 1. Let the density matrix ρt satisfy Eq. (1), where the unitary operators Uk, k =
1, . . . , K, are defined by the formulae Uk = e
− i
2
a
THka, Hk = H
T
k = H˜k ∈ C2n×2n, and 〈⊗Mm=1a〉0 <
∞, then the dynamics of the moments have the form
〈⊗Mm=1a〉t = e
∑
K
k=1
λk(⊗
M
m=1
Sk−I2nM )t〈⊗Mm=1a〉0, Sk = eiJHk , (2)
where the average is defined by the formula 〈⊗Mm=1a〉t ≡ tr (ρt ⊗Mm=1 a). In particular, for the first
and second moments we have
〈a〉t = e
∑
K
k=1
λk(Sk−I2n)t〈a〉0, 〈a⊗ a〉t = e
∑
K
k=1
λk(Sk⊗Sk−I4n)t〈a⊗ a〉0.
Here I2nm is the identity matrix in C
2n ⊗ · · · ⊗ C2n = C2nm. 〈⊗Mm=1a〉0 < ∞ means that the
operators in the tensor ⊗Mm=1aρ0 are nuclear.
2 Moments dynamics
In this section we prove theorem 1 splitting it into several lemmas.
Lemma 1. Let ρ be a nuclear operator and Xˆ be an operator in ⊗nj=1ℓ2 which could be unbounded,
but the operators U
†
kXˆUkρ, k = 1, . . . , K and Xˆρ are nuclear, then
tr XˆL(ρ) = trL∗(Xˆ)ρ,
where
L∗(Xˆ) =
K∑
k=1
λk(U
†
kXˆUk − Xˆ). (3)
Proof. As the trace of the nuclear operator is basis independent, then we have tr (U †kXˆUkρ) =
tr (V U †kXˆUkρV
†) for an arbitrary unitary operator V in⊗nj=1ℓ2. Assume V = Uk, then tr (U †kXˆUkρ) =
tr (XˆUkρU
†
k). By applying this reasoning to each summand (1) we obtain (3).
2
Thus, the GKSL equation in the Heisenberg representation takes the form
d
dt
Xˆt =
K∑
k=1
λk(U
†
kXˆUk − Xˆ)t. (4)
Lemma 3.1 from [18] in the case, when K = iH , M = 0, g = 0, by the arbitrariness of f takes
the following form.
Lemma 2. Let H = HT ∈ C2n×2n, then
e
i
2
a
THa
ae−
i
2
a
THa = Sa, S = eiJH .
Let us note that in accordance with [17] in the case, when H˜ = H , the operator 1
2
a
THa is
self-adjoint. Hence, the operator e−
i
2
a
THa is unitary. Thus, the operators Uk defined in theorem 1
are unitary.
Lemma 3. If L∗ is defined by formula (3) in the case, when Uk = e− i2 aTHka, Hk = H˜k ∈ C2n×2n,
one has
L∗(⊗Mm=1a) =
K∑
k=1
λk(⊗Mm=1Sk − I2nM)⊗Mm=1 a, Sk = eiJHk .
Proof. Taking into account lemma (3)
L∗(⊗Mm=1a) =
K∑
k=1
λk(U
†
k(⊗Mm=1a)Uk −⊗Mm=1a) =
K∑
k=1
λk(⊗Mm=1(U †kaUk)−⊗Mm=1a).
By lemma 3 we have U †kaUk = e
i
2
a
THkaae−
i
2
a
THka = eiJHka = Ska. Thus, we obtain
L∗(⊗Mm=1a) =
K∑
k=1
λk(⊗Mm=1(Ska)−⊗Mm=1a) =
K∑
k=1
λk(⊗Mm=1Sk − I2nm)⊗Mm=1 a.
Proof of theorem 1. By lemmas 1 and 3 we obtain the following GKSL equation in the Heisenberg
representation (4) in the case, when Xˆt = (⊗Mm=1a)t.
d
dt
(⊗Mm=1a)t =
K∑
k=1
λk(⊗Mm=1Sk − I2nM)(⊗Mm=1a)t.
When we apply lemma 1, we take into account that the linear combinations of nuclear operators
in the tensor ⊗Mm=1aρ0 are also nuclear ones. The obtained equation is a linear ordinary differential
equation with respect to the tensor (⊗Mm=1a)t. Hence, its solution could be represented in terms of
matrix exponential of the (2nM)× (2nM)-matrix ∑Kk=1 λk(⊗Mm=1Sk − I2nM)t, i.e.
(⊗Mm=1a)t = e
∑
K
k=1
λk(⊗
M
m=1
Sk−I2nM )t(⊗Mm=1a)0.
By averaging over the initial density matrix ρ0, we obtain (2).
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3 Conclusions
In this work the explicit expressions for dynamics of the density matrix moments were obtained.
This density matrix satisfies equation (1) with the squeeze operators. The possible directions of
the further generalizations are analogous calculations in the fermionic case (it could be done by
means of [19, 20]) and the consideration of arbitrary Gaussian channels [22] instead of weighted
sums of unitary Gaussian channels. In the latter case we also obtain linear differential equations
for the moments, but they have more complicated form.
References
[1] A. S. Holevo, Covariant quantum Markovian evolutions, J. Math. Phys., 37:4 (1996), 1812–
1832.
[2] A. S. Holevo, Covariant quantum dynamical semigroups: unbounded generators, Irreversibility
and Causality Semigroups and Rigged Hilbert Spaces (Springer, Berlin–Heidelberg, 1998), 67–
81.
[3] B. Kummerer, H. Maassen, The essentially commutative dilations of dynamical semigroups
on Mn, Comm. in Math. Phys., 109:1 (1987), 1–22.
[4] L. Accardi, A.N. Pechen, I. V. Volovich, Quantum stochastic equation for the low density
limit, J. Phys. A: Math. and Gen., 35:23 (2002), 4889–4902.
[5] B. Vacchini, K. Hornberger, Quantum linear Boltzmann equation, Phys. Rep., 478:4–6 (2009),
71–120.
[6] A.M. Basharov, A theory of open systems based on stochastic differential equations, Opt.
and Spectr., 116:4 (2014), 495–503.
[7] A. I. Trubilko, A.M. Basharov, Kinetic Equation for the Density Matrix of Atoms in the Field
of a Broadband One-Photon Packet Taking into Account the Non-Wiener Dynamics, JETP,
126:5 (2018), 604–619.
[8] K.O. Friedrichs, Mathematical aspects of the quantum theory of fields. Part V. Fields mod-
ified by linear homogeneous forces, Comm. Pure Appl. Math., 6:1 (1953), 1–72.
[9] F.A. Berezin, The Method of Second Quantization (Academic Press, New York, 1966).
[10] V.V. Dodonov, V. I. Man’ko, Dinamicheskie simmetrii i kogerentnye sostoyaniya kvantovyh
sistem (Nauka, Moscow, 1979) [in Russian].
[11] V.V. Dodonov, V. I. Man’ko, Invariants and the Evolution of Nonstationary Quantum Sys-
tems, in Proceedings of the Lebedev Physics Institute (Nova Science, Commack, NY, 1989),
Vol. 183.
4
[12] V.V. Dodonov, V. I. Man’ko, Theory of nonclassical states of light (Taylor and Francis,
London-New York, 2003).
[13] A.M. Chebotarev, T.V. Tlyachev, A.A. Radionov, Squeezed states and their applications to
quantum evolution, Math. Notes 89:3–4 (2011), 577–595.
[14] A.M. Chebotarev, T.V. Tlyachev, A.A. Radionov, Generalized squeezed states and multi-
mode factorization formula, Math. Notes 92:5–6 (2012), 700–713.
[15] V. Gorini, A. Kossakowski, E.C.D. Sudarshan, Completely positive dynamical semigroups
of Nlevel systems, J. Math. Phys., 17:5 (1976), 821–825.
[16] G. Lindblad, On the generators of quantum dynamical semigroups, Comm. Math. Phys., 48:2
(1976), 119–130.
[17] A.E. Teretenkov, Quadratic Dissipative Evolution of Gaussian States, Math. Notes 100:4,
(2016) 642–646.
[18] A.E. Teretenkov, Quadratic Dissipative Evolution of Gaussian States with Drift,Math. Notes
101:2 (2017), 341–351.
[19] A.E. Teretenkov, Dynamics of Moments for Quadratic GKSL Generators,Math. Notes 106:1–
2 (2019), 151–155.
[20] A.E. Teretenkov, Quadratic Fermionic Dynamics with Dissipation, Math. Notes, 102:5-6,
846-853.
[21] M.O. Scully, M. S.vZubairy, Quantum optics (Cambridge University Press, Cambridge, 1997).
[22] A. S. Holevo, Quantum systems, channels, information: a mathematical introduction
(De Gruyter, Berlin, 2012).
5
